A divergence free frame on a closed three manifold is called regular if every solution of the linear Fueter equation is constant and is called singular otherwise. The set of singular divergence free frames is an analogue of the Maslov cycle. Regular divergence free frames satisfy an analogue of the Arnold conjecture for flat hyperkähler target manifolds. The Seiberg-Witten equations can be viewed as gauged versions of the Fueter equation, and so can the Donaldson-Thomas equations on certain seven dimensional product manifolds.
The Fueter Equation
Let M be a closed oriented three manifold and dvol M ∈ Ω 3 (M ) be a positive volume form. Then M is parallelizable and a theorem of Gromov [18] asserts that every frame of T M can be deformed to a divergence free frame. The space of positive divergence free frames will be denoted by 
Thus V is a subset of the space F of positive frames. At first glance one might expect an analogy between the inclusion V ֒→ F and the inclusion of the space of symplectic forms into the space of all nondegenerate 2-forms. However, in contrast to the symplectic setting, the h-principle rules and the inclusion of V into F is a homotopy equivalence (see Appendix B).
I 1 x := −xi, I 2 x := −xj, I 3 x := −xk.
Given a divergence free frame v = (v 1 , v 2 , v 3 ) ∈ V define the linear first order differential operator / ∂ v : Ω 0 (M, H) → Ω 0 (M, H) by
This is the Fueter operator [13, 14] . It commutes with I i for i = 1, 2, 3 and hence is equivariant under the right action of the quaternions on Ω 0 (M, H).
The divergence free condition asserts that / ∂ v is symmetric with respect to the L 2 inner product on Ω 0 (M, H) determined by the volume form. Denote this inner product by f, g L 2 := M f, g dvol M . The notation (3) extends to any triple of divergence free vector fields and still defines a symmetric operator. However, / ∂ v is self-adjoint only when v is also a frame.
is a symmetric operator and, for every f ∈ L 2 (M, H),
Proof. That the operator is symmetric is obvious. To prove (4) , define the divergence free vector fields w 1 , w 2 , w 3 ∈ Vect(M ) by
(Here and throughout I use the sign convention L [u,v] = −[L u , L v ] for the Lie bracket of two vector fields u, v ∈ Vect(M ).) Then
Hence, taking g = / ∂ v h in (4), we find
Now it follows from standard elliptic regularity for the second order operator L v that f ∈ W 1,2 (M, H). This proves Lemma 1.1.
By Lemma 1.1 and Lemma A.1, / ∂ v : W 1,2 (M, H) → L 2 (M, H) is a selfadjoint index zero Fredholm operator for every v ∈ V . Its kernel consists of smooth functions, by elliptic regularity, and contains the constant functions. The dimension of the kernel is divisible by four. Proof. Fix any divergence free frame v ∈ V and let w = (w 1 , w 2 , w 3 ) be given by (5) . Consider the operator family D(s) := / ∂ v+sw from W Remark 1.4. Starting from the model case of quaternionic-hermitian matrices one might expect V k to be a Fréchet submanifold of V , or a Hilbert submanifold in a suitable Sobolev completion, of codimension 2k 2 − k. (This is easy to prove for k = 1.) It would then follow that every path s → v s in V , with endpoints in V 0 , can be deformed to a path that is transverse to V 1 and misses V k for k > 1. Then the path s → / ∂ v s has only regular crossings and its spectral flow is the intersection number with V 1 . Remark 1.5. A loop of divergence free frames with nonzero spectral flow, if it exists, has infinite order in π 1 (V ). The existence of such a loop would prove that V sing = ∅. Also: if the fundamental group of a connected component V ′ ⊂ V is finite and V sing ∩ V ′ = ∅, then the spectral flow of a path with endpoints in V reg ∩ V ′ depends only on the endpoints, so V reg ∩ V ′ is disconnected. (This holds for the component V ′ of the standard frame on S 3 , as V sing ∩ V ′ = ∅ by Example 2.3, and π 1 (V ′ ) = π 1 (Map deg=0 (S 3 , SO(3))), so there is an exact sequence
Remark 1.6 (Dual Frame). Let v ∈ V and denote by α 1 , α 2 , α 3 ∈ Ω 1 (M ) the dual frame so that α i (v j ) = δ ij . Define a metric on M by
Then the vector fields v 1 , v 2 , v 3 form an orthonormal frame and the volume form is α 1 ∧ α 2 ∧ α 3 . It does not, in general, agree with dvol M . They agree up to a constant factor if and only if the 2-forms α j ∧ α k are closed. To see this, define λ :
for all i, and hence λ is constant.
Remark 1.7 (Laplace-Beltrami Operator). The pointwise norm of the differential df of a function f : M → H with respect to the metric (7) is given by |df |
then L v is the Laplace-Beltrami operator of the metric (7). Otherwise it is the composition of d and its formal adjoint with respect to the L 2 inner products on functions and 1-forms associated to the pointwise inner products of the metric (7) and the volume form dvol M . It is then related to the Laplace-Beltrami operator by the formula
Lemma 1.9. Every positive regular (respectively singular) divergence free frame v ∈ V (M, dvol M ) can be deformed through regular (respectively singular) divergence free frames to a normal regular (respectively singular) divergence free frame.
Then v t := (v 1,t , v 2,t , v 3,t ) ∈ V reg (M, ρ t ) for every t. Second, v t is equal to v for t = 0 and is a normal frame for t = 1. Third, ρ 0 = dvol M and M ρ t = M dvol M for all t. By Moser isotopy, choose a smooth isotopy [0, 1] → Diff(M ) : t → φ t such that φ 0 = id and φ * t ρ t = dvol M for all t. The required isotopy of regular frames is φ * t v t ∈ V reg (M, dvol M ), 0 ≤ t ≤ 1.
Examples
Fix a divergence free frame v ∈ V (M, dvol M ) and let α 1 , α 2 , α 3 ∈ Ω 1 (M ) be the dual frame (see Remark 1.6). For i = 1, 2, 3 define ω i ∈ Ω 2 (H) by ω i = dx 0 ∧ dx i + dx j ∧ dx k , where i, j, k is a cyclic permutation of 1, 2, 3. Let f : M → H be a smooth map and abbreviate |df | 2 :
Then there is an energy identity
This continues to hold for maps from M to any hyperkähler manifold X. 
The v i are divergence free and dvol M (v 1 , v 2 , v 3 ) = 1. The dual frame is
The energy identity (8) has the form
(See (16) and (17) 
where
for every cyclic permutation i, j, k of 1, 2, 3. For y ∈ S 2 define
(This discussion extends to maps with values in any hyperkähler manifold X, if the second summand in (9) is replaced by A (f ) := − i M β i ∧ f * ω i and the integrand in (10) by the symplectic action of the loop θ → f (e iθ , y) with respect to ω y .) The isoperimetric inequality asserts that
This inequality is sharp (see [24, Section 4.4] ). Now let f : S 1 × S 2 → H be a solution of the Fueter equation. By (9), (10), and (11) it satisfies
Since ∂/∂θ = i y i v i is a unit vector field, equality must hold in (12) and |df | ≡ |∂ θ f |. Hence f is independent of the variable in S 2 . Thus the derivative of f has rank one everywhere and so f is constant. This shows that v 1 , v 2 , v 3 is a normal regular divergence free frame.
Hyperkähler Floer Theory
Fix a closed connected oriented 3-manifold M , a volume form dvol M on M , a divergence free frame v ∈ V (M, dvol M ), and a closed hyperkähler manifold X with symplectic forms ω 1 , ω 2 , ω 3 and complex structures J 1 , J 2 , J 3 . Denote the hyperkähler metric on X by ·, · = ω i (·, J i ·). Consider the Fueter equation with a Hamiltonian perturbation. It has the form
for a map f : M → X. The left hand side of (13) will still be denoted by / ∂ v f .
The operator / ∂ v should now be thought of as a vector field on the infinite dimensional space F := C ∞ (M, X) of all smooth maps from M to X. The perturbation is determined by a smooth function H : M ×X → R and ∇H is the gradient with respect to the variable in X. A solution f of (13) is called nondegenerate if the linearized operator of (13) is bjective. The next theorem is a hyperkähler analogue of the Arnold conjecture for Hamiltonian systems on the torus as proved by Conley-Zehnder [3] . 20, 21, 16, 17] ). Assume v ∈ V reg and X is flat. If every contractible solution of (13) is nondegenerate then their number is bounded below by dim H * (X; Z 2 ). In particlar, (13) has a contractible solution for every H.
There are two proofs of Theorem 3.1. One is due to Sonja Hohloch, Gregor Noetzel, and the present author. It is based on a hyperkähler analogue of Floer theory and is carried out in [20, 21] for the 3-sphere and the 3-torus. The second proof is due to Viktor Ginzburg and Doris Hein, is based on finite dimensional reduction, and is carried out in full generality in [16, 17] . Both proofs rely on the following fundamental estimate. Lemma 3.2. Assume v ∈ V reg and X is flat. Then there is a constant c such that every contractible smooth map f :
Proof. Since X is flat, it is isomorphic to a quotient of a torus H n /Λ by the free action of a finite group. Hence every contractible map f : M → X lifts to a map from M to H n . Thus it suffices to prove (14) for f : M → H. By Lemma 1.1 and Lemma A.1, the operator
is Fredholm and has index zero. Since v ∈ V reg , this operator is bijective. Hence, for functions f : M → H with mean value zero, (14) follows from the inverse operator theorem. Adding a constant to f does not effect (14) .
Here is an outline of the Floer theory proof of Theorem 3.1. The space F of maps from M to X carries a natural 1-form Ψ f : T f F → R defined by
for a vector fieldf ∈ T f F = Ω 0 (M, f * T X) along f . This 1-form is closed because the vector fields v i are divergence free.
Remark 3.3. Assume that the 2-forms ι(v i )dvol M are exact and choose 1-forms (15) is the differential of the hyperkähler action functional
Remark 3.4. Assume X is flat and let F 0 ⊂ F be the connected component of the constant maps. Then the restriction of Ψ to F 0 is the differential of the action functional
To understand the right hand side, lift f to a function with values in H n and observe that the integrand is invariant under the action of the hyperkähler isometry group of H n .
Assume from now on that X is flat. The contractible solutions of (13) are the critical points of the perturbed hyperkähler action functional
The gradient flow lines of A H are the solutions u : R × M → X of the perturbed four dimensional Fueter equation
Here f ± ∈ F 0 are solutions of (13) . The convergence in (19) is in the C ∞ topology on M and exponential in s. The solutions of (18) and (19) satisfy the usual energy identity
By Lemma 3.2, the energy controls the W 1,2 -norms of the solutions of (18) on every compact subset of R × M . Since the leading term in (18) is a linear elliptic operator, this suffices for the standard regularity and compactness arguments in symplectic Floer theory to extend to the present setting. For M = S 3 the proof is carried out in detail in [21, Section 3] and the arguments extend verbatim to general three manifolds. The same holds for unique continuation and transversality in [21, Section 4 ]. An index formula involving the spectral flow shows that there is a function µ H : Crit(A H ) → Z such that the Fredholm index of the linearized operator of equation (18) is equal to the difference µ H (f − ) − µ H (f + ) for every solution u of (18) and (19) (see [21, Section 4] ). The third ingredient in the analysis is a gluing result and it follows from a standard adaptation of Floer's gluing theorem [8, 9, 10] to the hyperkähler setting. The upshot is, that the contractible solutions of (13) generate a Floer chain complex
with Z 2 coefficients. Here τ 0 ∈ π 0 (F) denotes the homotopy class of the constant maps. The Floer complex is graded by the index function µ H , and the boundary operator ∂ : CF
is defined by the mod two count of the solutions of (18) and (19) [20, 21] .) In this case (14) cannot hold for f ∈ F τ . However, X is an additive group and, for f ∈ F τ , the difference f − f 0 lifts to a function with values in the universal cover H n . Hence it follows from Lemma 3.2 that there is a constant c τ > 0 such that every f ∈ F τ satisfies the inequality
Moreover, the restriction of the 1-form Ψ in (15) to F τ is still exact. It is the differential of the action functional A τ : F τ → R given by
To understand this, use the fact that the tangent bundle of X is trivial, lift f − f 0 to a function with values in H n , and note that the integral is independent of the choice of the lift. Thus the construction of the Floer homology groups carries over to F τ . In favourable cases the Floer homology groups HF hk * (M, X, τ ; v, H) can be computed with the methods of [30] . They are invariant under the action of the group of volume preserving diffeomorphism of M on the set of triples (τ, v, H). In general, they will not be invariant under deformation of the divergence free frame v.
Remark 3.6. It would be interesting to understand the behavior of the solutions of the Fueter equation (13) as v approaches a singular frame.
Remark 3.7. Another interesting question is whether the construction of the Floer homology groups can be extended to nonflat target manifolds X. The key obstacle is noncompactness for the solutions to the Fueter equation. The expected phenomenon, which can be demonstrated in examples, is bubbling along codimension two submanifolds of M . Important progress in understanding this phenomenon was recently made by Thomas Walpuski [34] . His work will be an essential ingredient in the conjectural development of a general hyperkähler Floer theory.
Relation to Donaldson-Thomas Theory
The discussion in this section is speculative. It concerns the relation between the Donaldson-Thomas-Floer theory of a product manifold Y = M × Σ (where Σ is a hyperkähler four manifold) and hyperkähler Floer theory.
Let Y be a closed connected 7-manifold. A 3-form φ ∈ Ω 3 (Y ) is called nondegenerate if, for any two linearly independent tangent vectors u, v, there is a third tangent vector w such that φ(u, v, w) = 0. Every nondegenerate 3-form φ determines a unique Riemannian metric on Y such that the bilinear form (u, v) → u × v on T Y , defined by u × v, w := φ(u, v, w), is a cross product, i.e. it satisfies |u × v| 2 = |u| 2 |v| 2 − u, v 2 for all u, v ∈ T y Y (see e.g. [32] ). A nondegenerate 3-form also determines a unique orientation on Y such that the 7-form ι(u)φ ∧ ι(u)φ ∧ φ is positive for every nonzero tangent vector u ∈ T Y . A G 2 -structure on Y is a nondegenerate 3-form φ that is harmonic with respect to the Riemannian metric determined by φ. 
A critical point of CS ψ is a connection A ∈ A(Y ) whose curvature F A satisfies
A negative gradient flow line of CS ψ is (gauge equivalent to) a pair, consisting of a smooth path R → A(Y ) : s → A(s) of connection and a smooth path R → Ω 0 (Y, g) : s → Φ(s) of sections of the Lie algebra bundle, that satisfy the equation
The basic idea of Donaldson-Thomas theory in the G 2 setting is to define Floer homology groups HF DT * (Y ), generated by the gauge equivalence classes of solutions of (21) , with the boundary operator given by counting the gauge equivalence classes of solutions of (22) (see [4, 5] ). Now let M be a closed connected oriented 3-manifold, equipped with a volume form dvol M and a normal regular divergence free frame v ∈ V reg . Denote by α 1 , α 2 , α 3 the dual frame in Ω 1 (M ). Then the 2-forms α i ∧ α j are closed for all i and j (see Remark 1.6). Let Σ be a closed connected hyperkähler 4-manifold (i.e. either a 4-torus or a K3 surface) with symplectic forms σ 1 , σ 2 , σ 3 and complex structures j 1 , j 2 , j 3 . These structures determine a nondegenerate 3-form φ on the product Y := M × Σ, given by
Here differential forms on M and Σ are identified with their pullbacks to Y = M × Σ. The Riemannian metric on M × Σ determined by φ is the product metric and the cross product is given by v 1 ×v 2 = v 3 and ξ ×v i = j i ξ for ξ ∈ T Σ and i = 1, 2, 3. Then equation (22) has the following form (with ε = 1)
Here F 0i = F A+Φ ds (∂/∂s, v i ) and
Thus
For general ε equation (24) is obtained by replacing σ i with ε 2 σ i and dvol Σ with ε 4 dvol Σ . Taking the limit ε → 0 in (24) one obtains the equation
This is the unperturbed Fueter equation (18) 
is constant, however, the 3-form φ will in general not be closed.
(ii) Consider the 7-manifold Y := M × Σ, where Σ is a K3-surface and M is a closed oriented 3-manifold with b 1 (M ) ≤ 2. Let π : Y → Σ be the projection. The following argument by Donaldson shows that Y does not admit a G 2 -structure. On a G 2 -manifold there is a splitting of the space H 2 (Y ) of harmonic 2-forms into the eigenspaces
The subspace H 2,+ (Y ) is isomorphic to H 1 (Y ) and, by definition, the quadratic form
In the case at hand, H 2,− (Y ) has codimension b 1 (Y ) = b 1 (M ) ≤ 2, and hence intersects π * H 2,± (Σ) nontrivially. Choose 0 = τ ± ∈ H 2,± (Σ) such that
The argument in (ii) breaks down for M = T 3 and in this case the 3-form φ in (23) is indeed a G 2 -structure (for a suitable frame on T 3 ).
(iv) Existence results for G 2 -structures were established by Joyce [22] . A question posed by Donaldson is, which 7-manifolds admit nondegenerate 3-forms φ that are closed or co-closed, but not necessarily both. This is analogous to the question, which manifolds admit symplectic or complex structures, but not necessarily Kähler structures. [4] and by Donaldson-Segal in [5] . In [4, Section 5] Donaldson and Thomas discuss Spin(7)-instantons on a product S × Σ of two hyperkähler 4-manifolds S and Σ. They note that, shrinking the metric on Σ, leads in the adiabatic limit to solutions of the Fueter equation for maps u : S → M asd (Σ). Taking S = R × M one arrives at equation (24) . In [5, Section 6] Donaldson and Segal extend this discussion to a setting where M × Σ is replaced by a G 2 -manifold Y , and M is replaced by an associative submanifold of Y . This leads to an interaction between G 2 -instantons on Y and Fueter sections of the bundle of anti-selfdual instantons on the fibers of the normal bundle of M . Generically, such Fueter sections are expected to exist at isolated parameters in a 1-parameter family of G 2 structures. The existence of nonconstant solutions of the Fueter equation for singular divergence free frames, as discussed in Section 1, seems to be a linear analogue of this codimension one phenomenon.
The Gauged Fueter Equation
Equation (24) extends naturally to a setting where the space of connections over Σ is replaced by a hyperkähler manifold (X, ω 1 , ω 2 , ω 3 , J 1 , J 2 , J 3 ) and the group of gauge transformations over Σ by a compact Lie group G, acting on X by hyperkähler isometries. Denote the action by (g, x) → gx and the infinitesimal action of the Lie algebra g := Lie(G) by
exp(tξ)x for x ∈ X and ξ ∈ g. Choose an invariant inner product on g and suppose that the action is generated by equivariant moment maps µ 1 , µ 2 , µ 3 : X → g, so that
for allx ∈ T x X, ξ, η ∈ g, and i = 1, 2, 3. Fix an oriented 3-manifold M with a volume form dvol M , a normal divergence free frame v 1 , v 2 , v 3 , and denote by α 1 , α 2 , α 3 ∈ Ω 1 (M ) the dual frame. Choose a principal G-bundle π : P → M , let A ⊂ Ω 1 (P, g) be the space of connections on P , and let F be the space of G-equivariant maps f : P → X. There is a natural 1-form on A × F, which assigns to every pair (A, f ) ∈ A × F the linear map
Here the second sum runs over all cyclic permutations i, j, k of 1, 2, 3. The 1-form d A f : T P → f * T X is the covariant derivative of f with respect to A, defined by
Hence it descends to a 1-form on M with values in the quotient bundle f * T X/G → M . To understand the
of v i and observe that the section d A f (ṽ i ) of the vector bundle f * T X → P is G-equivariant and independent of the choice of the lifts. The resulting section of the bundle
The group G = G(P ) of gauge transformations acts contravariantly on A × F by g * A := g −1 dg + g −1 Ag and g * f := g −1 f . The covariant infinitesimal action of the Lie algebra Ω 0 (M, g P ) = Lie(G) is given by → (A s , u s ) . Think of A := {A s } s∈I as a connection on the principal bundle I × P over I × M , and of u as a G-equivariant map from I × P to X. The integral of Ψ over this path is given by
The last integral is meaningful, because the 2-form u * ω i − d µ i (u), A on I × P descends to I × M . Since the integrand is closed, the integral is invariant under homotopy with fixed endpoints. If ι(v i )dvol M = dβ i and CS : A → R denotes the Chern-Simons functional, then (27) is the differential of the action functional
Remark 5.2. Given A ∈ A, define the twisted Fueter operator by
for f ∈ F. Thus / ∂ A,v f is a section of the quotient bundle f * T X/G → M . Then the zeros of the 1-form (27) are the solutions (A, f ) ∈ A × F of the three-dimensional gauged Fueter equation
Here * denotes the Hodge * -operator on M associated to the metric (7). Thus * F A = i F A (v j , v k )π * α i , where the sum runs over all cyclic permutations i, j, k of 1, 2, 3. The gradient flow lines are pairs, consisting of a connection A = A + Φ ds on R × P and a G-equivariant map u : R × P → X, that satisfy the four-dimensional gauged Fueter equation
This is reminiscent of the symplectic vortex equations [1, 2, 12, 15, 25, 26, 27] . Similar equations were studied by Taubes [33] , Pidstrigatch [28] , and Haydys [19] . The usual Fueter equation corresponds to the case G = {1}, the instanton Floer equation [11] to the case X = {pt}, the Donaldson-Thomas equation to the case X = A(Σ) and G = G(Σ) (see Remark 5.5), and the Seiberg-Witten equation to the case X = H and G = S 1 (see Section 6).
Remark 5.3. Define the energy of a pair (A, f ) ∈ A × F by
This is the gauged analogue of equation (8).
Remark 5.4. One can introduce an ε-parameter in (30) as follows
In the limit ε → 0 one obtains, formally, the equation
This corresponds to the four-dimensional Fueter equation on R × M with values in the hyperkähler quotient X/ /G := (µ −1
3 (0))/G. Remark 5.5. The space X := A(Σ) of connections on a principal G-bundle Q over a closed hyperkähler 4-manifold (Σ, σ 1 , σ 2 , σ 3 , j 1 , j 2 , j 3 ) is itself a hyperkähler manifold. The symplectic forms ω i ∈ Ω 2 (X ) and the complex structures J i : T X → T X are given by
for α, β ∈ Ω 1 (Σ, g Q ) = T A A(Σ) and i = 1, 2, 3. The group G = G(Σ) of gauge transformations of Q acts on X = A(Σ) by hyperkähler isometries and the moment maps µ i :
is the trivial bundle with the infinite dimensional structure group G(Σ) then (33) is equivalent to the Donaldson-Thomas equation (24) on M × Σ. The function A : R × M → A(Σ) in (24) corresponds to u in (33), while the functions (33) . The hyperkähler quotient is the moduli space A(Σ)/ /G(Σ) = M asd (Σ) of antiself-dual instantons on Σ. These observations extend to nontrivial G(Σ)-bundles P → M , arising from general G-bundles over M × Σ.
Relation to Seiberg-Witten Theory
Let M be a closed connected oriented Riemannian 3-manifold. A spin c structure on M is a rank two complex hermitian vector bundle W → M equipped with a Clifford action γ : T M → End(W ). This action assigns to every tangent vector v ∈ T y M a traceless skew-hermitian endomorphism γ(v) of the fiber W y satisfying
and it satisfies γ(v 3 )γ(v 2 )γ(v 1 ) = 1l for every positive orthonormal frame. A spin c connection is a hermitian connection on W that satisfies the Leibniz rule for Clifford multiplication (with the Levi-Civita connection on the tangent bundle). Associated to a spin c connection ∇ A is a Dirac operator 
Here A 0 ∈ A(γ) is a reference connection, η ∈ Ω 2 (M, iR) is a closed 2-form, and 
Here (uu * ) 0 : W → W denotes the traceless hermitian endomorphism given by (uu * ) 0 w := u, w u − Now let v 1 , v 2 , v 3 ∈ Vect(M ) be an orthonormal divergence free frame and let α 1 , α 2 , α 3 ∈ Ω 1 (M ) be the dual frame. For an orthonormal frame the divergence free condition can be expressed in the form
The frame induces a spin structure on the trivial bundle W :
where J 1 , J 2 , J 3 are the complex structures in (2) . (This is a spin structure because it commutes with all three complex structures I 1 , I 2 , I 3 in (2).) The spin connection A 0 ∈ A(γ) of this structure is given by
for f ∈ Ω 0 (M, H) and i = 1, 2, 3, where
for every cyclic permutation i, j, k of 1, 2, 3. The curvature of A 0 is traceless. A simple calculation, using (36) and the orthonormal condition, shows that
where the sum runs over all cyclic permutations i, j, k of 1, 2, 3. Now consider the circle action on H generated by the vector field x → −xi. This is the standard circle action associated to the complex structure I 1 in (2). It preserves the hyperkähler structure determined by the complex structures J 1 , J 2 , J 3 and the symplectic forms ω 1 , ω 2 , ω 3 in (8). The moment maps µ 1 , µ 2 , µ 3 : H → iR of this action are given by
By (37) and (38), the Seiberg-Witten-Floer equation (35) has the form
is a path of imaginary valued 1-forms and the associated path of spin c connections is s → A 0 + A(s). With η = 0 and λ = 0 this is the gauged Fueter equation (30) for X = H and G = S 1 . This correspondence extends to general spin c structures via the appropriate circle bundles over M . Replacing the circle by the group G = Sp(1), acting on H on the right, one obtains the equations of Pidstrigatch-Tyurin [29] .
A Self-Adjoint Fredholm Operators
Let H be a Hilbert space and V ⊂ H be a dense linear subspace that is a Hilbert space in its own right. Suppose that the inclusion V ֒→ H is a compact operator. Denote the inner product on H by ·, · , the norm on H by x H := x, x for x ∈ H, and the norm on V by x V for x ∈ V . Let S be the space of symmetric bounded linear operators A : V → H and D ⊂ S be the subset of self-adjoint operators. Thus a bounded linear operator D : V → H is an element of D if and only if Dx, ξ = x, Dξ for all x, ξ ∈ V and, for every x ∈ H, the following holds
Every D ∈ D is a Fredholm operator of index zero and regular crossings of differentiable paths R → D : s → D(s) are isolated. Proofs of these well known observations are included here for completeness of the exposition.
Lemma A.1. Let D ∈ S . Then the following are equivalent.
(ii) (im D) ⊥ ⊂ V and there is a constant c > 0 such that, for all x ∈ V ,
(iii) D is a Fredholm operator of index zero.
In particular, D is an open subset of S in the norm topology.
ker D = (im D) ⊥ and hence im D = (ker D) ⊥ . Now let x ∈ H and suppose that there is a constant c such that x, Dξ ≤ c ξ H for every ξ ∈ V . By the Riesz representation theorem, there exists an element y ∈ H such that x, Dξ = y, ξ for ξ ∈ V . Choose y 0 ∈ ker D such that y − y 0 ⊥ ker D.
Since (i) and (iii) are equivalent it follows from the perturbation theory for Fredholm operators (see [24, Proof. Assume without loss of generality that s 0 = 0. By Lemma A.1 there is a constant c > 0 such that
for every x ∈ V and every s in some neighborhood of zero. Shrinking I, if necessary, we may assume that (42) holds for every s ∈ I. Assume, by contradiction, that there is a sequence s n ∈ I such that s n → 0 and D(s n ) is not injective for every n. Then there is a sequence x n ∈ V such that D(s n )x n = 0 and x n H = 1. Thus x n V ≤ c by (42). Passing to a subsequence we may assume that x n converges in H to x 0 . Then x 0 H = 1 and x 0 , D(0)ξ = lim n→∞ x n , D(s n )ξ = 0 for ξ ∈ V . Hence x 0 ∈ ker D(0). Moreover, for every ξ ∈ ker D(0), the sequence D(s n )ξ/s n converges weakly toḊ(0)ξ and is therefore bounded, so
This contradicts the nondegeneracy of Γ 0 and proves Lemma A.2.
Let I be a compact interval and I → D : s → D(s) be a weakly differentiable path with only regular crossings such that D(s) is bijective at the endpoints of I. The spectral flow is the sum of the signatures of the crossing forms Γ s over all crossings. It is invariant under homotopy with fixed endpoints and is additive under catenation. (See [31] for an exposition.)
B Divergence Free Frames
Let M be a closed connected oriented 3-manifold and dvol M ∈ Ω 3 (M ) be a positive volume form. Denote the set of positive frames by
and the set of divergence free positive frames by
Given three deRham cohomology classes a 1 , a 2 , a 3 ∈ H 2 (M ; R), denote the set of divergence free positive frames that represent the classes a i by
The following theorem is an application of Gromov's h-principle and is proved in [18, page 182] and [7, Corollary 20.4.3] . Although the result is stated in these references in the weaker form that every frame can be deformed in F to a divergence free frame, the proofs give the stronger result stated below (as explained to the author by Yasha Eliashberg).
Theorem B.1 (Gromov) . The inclusion V a ֒→ F is a homotopy equivalence for all a 1 , a 2 , a 3 ∈ H 2 (M ; R), and so is the inclusion V ֒→ F .
Lemma B.2 (Gromov). Let S : R 3 × R 3 → R 3 be a skew-symmetric bilinear map. Let R ⊂ Hom(R 3 , End(R 3 )) be the set of all linear maps L : R 3 → End(R 3 ) that satisfy the nondegeneracy condition
for every w ∈ R 3 . Fix a 2-dimensional linear subspace E ⊂ R 3 and a linear map λ :
If L ∩ R is nonempty, then it has two connected components and the convex hull of each connected component of L ∩ R is equal to L.
Proof. The proof is a special case of the argument given by EliashbergMishachev in [7, pages 183/184] . Write S in the form S(u, v) =:
and write a linear map L :
Then L ∈ R if and only if
Denote by R + , respectively R − , the set of all L ∈ R for which the sign of the determinant in (44) is positive, respectively negative. Assume without loss of generality that E = x ∈ R 3 | x 1 = 0 and fix a linear map λ : E → End(R 3 ). This map is determined by the coefficients L ij
Hence the convex hull of L ∩ R + is equal to L. A similar argument shows that the convex hull of L ∩ R − is also equal to L. This proves Lemma B.2.
Proof of Theorem B.1. Fix a Riemannian metric on M , let a ∈ H 2 (M ; R) 3 , and let σ i ∈ Ω 2 (M ) be the harmonic representative of a i , i = 1, 2, 3. Define
Let π a : H a → V a be the projection defined by π a (β) = v for β ∈ H a , where ι(v i )dvol M := σ i +dβ i . This is a homotopy equivalence. A homotopy inverse assigns to v ∈ V a the unique co-closed triple of 1-forms β ∈ π −1 a (v).
Consider the vector bundle X := T * M ⊕T * M ⊕T * M over M and denote by X (1) the 1-jet bundle. Use the Riemannian metric on M to identify X (1) with the set of tuples (y,
are linearly independent. Denote by S a the space of sections of R a . Thus an element of S a is a tuple (β,
and L i ∈ Ω 1 (M, T * M ) such that the 2-forms τ i ∈ Ω 2 (M ), defined by (45) are everywhere linearly independent. Then S a is a bundle over . Thus H a is the space of all sections β of X such that D a β satisfies the differential relation R a . By Lemma B.2, R a is ample in the sense of [7, page 167] . Hence R a satisfies the the h-principle (see [7, Theorem 18.4.1] ). In particular, every section of R a is homotopic, through sections of R a , to a section of the form (β, ∇β). Equivalently, every frame v ∈ F can be deformed within F to a divergence free frame in V a . In fact, by the parametric h-principle, the inclusion D a : H a → S a induces isomorphisms on all homotopy groups, and is therefore a homotopy equivalence (see [7, 6.2 .A]). Hence the inclusion V a ֒→ F is a homotopy equivalence.
To explain the extension of this result to the inclusion of V into F , it is convenient to spell out the details of the parametric h-principle in the present setting. Choose a smooth manifold Λ and a smooth map a : Λ → H 2 (M ; R) 3 . Consider the vector bundle
Define R ⊂ X (1) as the set of tuples (λ, y, β 1 , β 2 , β 3 , L 1 , L 2 , L 3 ), with λ ∈ Λ, y ∈ M , β i ∈ T * y M , and L i ∈ Hom(T λ Λ × T y M, T * y M ), such that the 2-forms τ i = τ λ,i ∈ Λ 2 T * y M in (45) are linearly independent. Here σ i = σ λ,i is the harmonic representative of the class a i (λ) and L i ∈ Hom(T y M, T * y M ) is the restriction of L i to 0 × T y M . Define the operator D from sections of X to sections of X (1) as the covariant derivative Dβ := (β, ∇β). Let S be the space of sections of R ⊂ X (1) and denote by H its preimage under D. Thus an element of H is a map Λ → Ω 1 (M ) 3 : λ → β λ such that the 2-forms τ λ,i := σ λ,i + dβ λ,i , i = 1, 2, 3,
are everywhere linearly independent for every λ. An element of S is a smooth section that assigns to λ ∈ Λ a tuple
such that the 2-forms τ λ,i ∈ Ω 2 (M ), defined by (45), are everywhere linearly independent for every λ ∈ Λ. As before there is a commutative diagram
Here V is the space of maps Λ → V : λ → v λ such that v λ ∈ V a(λ) and F is the space of all smooth maps from Λ to F . The projection π : H → V , respectively π : S → F , assigns to the section λ → β λ , respectively (47), the section λ → v λ with ι(v λ,i )dvol M = τ λ,i , where τ λ,i is given by (46), respectively (45). Both projections are homotopy equivalences. By Lemma B.2, the open differential relation R is ample. Hence it follows from the h-principle in [7, Theorem 18.4 .1] that every smooth map from Λ to F can be deformed within F to a smooth map Λ → V : λ → v λ that satisfies v λ ∈ V a(λ) . With Λ = S k this implies that the homomorphism π k (V a ) → π k (F ) is surjective for all a 1 , a 2 , a 3 ∈ H 2 (M ; R).
The relation R also satisfies the relative h-principle in [7, 6.2 .C]. For the (k + 1)-ball Λ = B k+1 with boundary ∂B k+1 = S k this means that, if a map S k → V ⊂ F extends over B k+1 in F , and one chooses any smooth extension of the projection S k → V → H 2 (M ; R) 3 over B k+1 , then this extension lifts to a smooth map B k+1 → V , equal to the given map over the boundary (and homotopic to the given map in F ). Hence the homomorphism π k (V ) → π k (F ) is injective. This proves Theorem B.1.
